In this paper we show that on projective manifolds, there are Quillen bundles (in the sense of Bismut, Gillet Soulé) which play the role of the geometric quantum bundle, namely one defined for every aribitrary compact Kähler manifold Z. We give several explicit examples of this phenomenon. For instance, the moduli space of the usual vortex equations on a projective Kähler 4-manifold is shown to be projective, using the Quillen bundle construction, under some mild conditions. Next we generalize Manton's treatment of five vortex equations on a Riemann surface, namely, we define them on Kähler 4-manifolds. One of the cases was well studied by Bradlow. We show that when the Kähler 4-manifold is projective then in four of the five cases, the moduli spaces are symplectic manifolds (Kähler in one case) and admit Quillen bundles which are quantum line bundles, i.e. the curvature is proportional to the symplectic (Kähler) form. Thus they can be prequantized (quantized) geometrically.
Introduction
Given a symplectic manifold (M, ω), with ω integral (i.e. its cohomology class is in H 2 (M, Z)), geometric pre-quantization is the construction of a Hermitian line bundle with a connection (called the pre-quantum line bundle) whose curvature ρ is proportional to the symplectic form ω. This is always possible as long as ω is integral. This method of quantization developed by Kostant and Souriau, assigns to functions f ∈ C ∞ (M ), an operator,f = −i∇ X f + f acting on the Hilbert space of square integrable sections of L (the wave functions). Here ∇ = d − iθ where locally ω = dθ and X f is defined by ω(X f , ·) = −df (·). We have taken = 1. The general reference for this is Woodhouse, [31] .
This assignment has the property that that the Poisson bracket (induced by the symplectic form), namely, {f 1 , f 2 } P B corresponds to an operator proportional to the commutator [f 1 ,f 2 ] for any two functions f 1 , f 2 .
The Hilbert space of pre-quantization is usually too huge for most purposes. Geometric quantization involves construction of a polarization of the symplectic manifold such that we now take polarized sections of the line bundle, yielding a finite dimensional Hilbert space in most cases. However,f does not map the polarized Hilbert space to the polarized Hilbert space in general. Thus only a few observables from the set of all f ∈ C ∞ (M ) are quantizable.
When M is a compact Kähler manifold, ω is an integral Kähler form, and L the prequantum line bundle, one can take as the Hilbert space of quantization the space of holomorphic sections of L ⊗µ for µ ∈ Z large enough. See [31] for example for an explanation.
Quillen bundle was originally constructed as the determinant line bundle of a family of Cauchy-Riemann operators on the space of connections on certain vector bundles on a compact Riemann surface [26] . This has been generalized in many ways, for instance in Bismut and Freed, [5] and in Bismut, Gillet, Soulé [2] .
(In the notation of Bismut, Gillet, Soulé [2] , one can take B to be the moduli space of connections of a vector bundle on a compact Riemann surface Σ, Z to be Σ and M to be the trivial product M = Z × B and define the determinant of a family of Cauchy-Riemann operators living on Σ parametrized by B, the space of connections. This yields a Quillen bundle in the original definition).
We will denote a bundle as Quillen type if the bundle or its appropriate appropriate tensor product or it is a pullback of a Quillen bundle in the sense of Quillen [26] or Bismut and Freed [5] or Bismut, Gillet, Soulé, [2] . Let (X, ω) with ω integral symplectic (or Kähler) form have a pre-quantum (quantum) bundle L. An interesting question is whether this bundle L can be thought of as a bundle of Quillen type.
Let (X, ω) be a compact integral Kähler manifold such that L is a holomorphic line bundle whose curvature is proportional to the Kähler form ω. Let L ⊗µ be the quantum line bundle for any µ ≥ µ 0 ∈ Z + . It is a positive line bundle and µ 0 has been chosen such that H q (X, L ⊗µ ) = 0 for all q > 0. By Kodaira's theorem, such a µ 0 exists (Theorem B, [19] , page 159, taking E to be trivial). Let the Hilbert space of quantization be the space of holomorphic sections of L ⊗µ . It should be noted that since the X is compact square integrability of holomorphic sections follows automatically.
In [10] , Dey and Mathai had shown that one can realize a certain tensor product of L as a Quillen bundle, i.e. determinant of a family of Cauchy-Riemann operators on CP 1 , parametrized by X.
Even when (X, ω) is just compact and symplectic, with integral symplectic form, Gromov embedding theorem enables us to embed X into CP N and we have shown in [10] that the quantum bundle is again of Quillen type, i.e. determinant of a family of Cauchy-Riemann operators on CP 1 , parametrized by X.
In [12] , Donaldson and Kronheimer has given an exposition of the Quillen construction over the moduli space of ASD connections on a Riemann surface.
In [8] , [9] Dey and in [14] Romao and Eriksson have constructed Quillen bundles on the moduli space of vortices on a Riemann surface.
In this paper we have shown that on projective manifolds B, the geometric quantum bundle can be realized in many ways as a Quillen bundle in the sense of Bismut, Gillet, Soulé, namely for each arbitrary compact Kähler manifold Z.
We give a few explicit examples of this, when the quantum bundle is realized as a pullback of Quillen bundles. Manton in [24] had defined five vortex equations on a Riemann surface for certain values of two parameters C and C 0 . When defined on a Kähler surface (X, ω), Bradlow [3] has shown the existence of solutions for (C, C 0 ) = (−1, −1). In fact in this case, the moduli spaces are compact, as they can be described as Seiberg -Witten moduli spaces (see Appendix 1). In our paper, we show that in fact the moduli space is Kähler with Kähler form Ω (say) and if the Poincaré dual to ω the Kähler form of the Kähler surface has a representative which is a Riemann surface(one dimensional complex submanifold), there is a pullback of a Quillen bundle on the moduli space whose curvature is proportional to Ω provided an obstruction is bypassed. As an application we show that for projective manifolds the vortex moduli is projective for generic vortex line bundles.
For the three cases, i.e. (C, C 0 ) = (1, 1), (1, 0) and (1, −1) the moduli spaces are symplectic. If the base manifold is such that the Poincaré dual of the Kähler form is a Riemann surface, there is a pullback Quillen bundle on the moduli space such that its curvature is proportional to the symplectic form provided an obstruction is bypassed. As before if the manifold is projective then we have geometric prequantization with pullback of Quillen bundle as the quantum bundle.
In Appendix 1 we recall that there is a connection with Seiberg-Witten moduli space and the vortex moduli space for compact Kähler 4-manifolds, as showed by Bradlow and Garcia-Prada [6] . In Appendix 2 we give a condition for the freeness of the action of the gauge group on the configuration space -the notion of generic vortex line bundles, which follows from Riera's thesis [27] .
Quantum bundle as a Quillen bundle
If M is projective (or a compact symplectic manifold with integral symplectic form), we show there is an ample Quillen bundle (in the sense of Bismut, Gillet and Soulé), for every compact Kähler manifold Z. M can be embedded into CP N for a large enough N , by Gromov embedding (for the symplectic case) or Kodaira embedding (for the Kähler case). Let Y = Z × M . Let L be an ample line bundle on M .Then define ζ = p 1 * (L) ⊗ p 2 * (L). Then according to Bismut, Gillet and Soulé, [2] , the Quillen curvature Q ζ of ζ is given by the degree two term of
2iπ )] where R Z andΩ ζ are both curvatures of the holomorphic Hermitian connections on T 1,0 Z and ζ. In our case R Z is dissolved in the integral and Ω ζ = K L + K L where K L and K L are the curvatures of L and L. It can be observed L dependent part get dissolved in the intergral leaving only constant times K L as the degree two part of the above expression making the Quillen curvature proportional to K L which is a curvature of an ample bundle. So we have the following theorem Theorem 2.1. If M is complex projective (or a compact symplectic manifold with integral symplectic form), then the quantum bundle, which realizes the symplectic or the Kähler form or its appropriate powers, is a Quillen bundle for every compact Kähler manifold Z.
In this context, we also mention a well known result namely, for Z a Riemann surface and M = A , the space of unitary connections on a vector bundle E on the Riemann surface, the the three constructions, namely the one of Bismut and Freed [5] and Bismut, Gillet and Soulé, [2] and the one of Quillen [26] , matches. We had shown an instance of this above theorem for M being the abelian vortex moduli space on a Riemann surface, Dey, [8] , [9] . Manton defined five vortex equations on a Riemann surface, [24] . We redefine them on compact Kähler 4-manifolds. New explicit instances of the above theorem with Quillen replaced by Quillen type are moduli spaces of four of the five vortex moduli spaces where the equations are now defined on a Kähler 4-manifold.
Vortex equations on a Riemann surface, Quillen bundle and curvature
We review some material from [8] , [9] . On a Riemann surface M the abelian vortex equation are given bȳ
where φ is defined as a smooth section of an hermitian holomorphic line bundle L and A is the unitary connection of the principal bundle P associated to L. The form ω is an imaginary Kähler form.
3.1. The symplectic form. Let A be the space of all unitary connections on P the associated principal bundle of the vortex bundle L and Γ(M, L) be sections of L. We define the configuration space as C = A × Γ(M, L). Let p = (A, Ψ) ∈ C, X = (α 1 , β), Y = (α 2 , η) ∈ T p C. We define the following metric on C.
and an almost complex structure I = ( * , i) on T p C where * dz 1 = −idz 1 and * dz 1 = −idz 1 . We define
Let ζ ∈ M aps(M, u(1)) be the (local) Lie algebra of the gauge group. Note that ζ * = −ζ. It generates a vector field X ζ on C as follows:
where p = (A, φ) ∈ C. We show next that X ζ is Hamiltonian. Namely, define H ζ : C → C as follows:
Then
Thus we can define the moment map µ : C → Ω 2 (M, u(n)) = g * (the dual of the Lie algebra of the gauge group) to be
It is well known that the solutions to the equations (1) and (2) descends to the moduli by Kähler reduction to a Kähler moduli.
3.2.
Quillen metric and curvature. In [9] , [10] , it was shown that under certain integrality condition (namely when the Riemann surface has volume an integral multiple of 4π), there is a Quillen bundle on the configuation space which descends to the moduli psace. We summarize the results as below:
We denote the Quillen bundle P = det(∂ A ) which is well defined on C = A × Γ(L). We can equip P a modified Quillen metric, namely, we multiply the Quillen metric e −ζ ′ A (0) by the factor e − i 2π M |Ψ| 2
H ω , where recall ζ A (s) is the zeta-function corresponding to the Laplacian of the∂ A operator.
The factor e −ζ ′ A (0) contributes i 2π Σ α 1 ∧ α 2 to the curvature, and the factor
ω to the curvature. Thus we have the following: The curvature of P with the modified Quillen metric is indeed i 2π Ω on the affine space C.
One can show that if the modified Quillen line bundle descends to the moduli space of vortices then indeed its curvature is i 2π Ω where Ω here is the descendent of the symplectic form on the affine space.
The condition that the bundle descends is that the Riemann surface has volume an integral multiple of 4π.
Generalizations of above theory to the moduli space of vortices on a Kähler surface
For Kähler sufaces X(i.e. compact Kähler 4 real dimensional manifolds) vortex equations are as follows, [3] .∂ A φ = 0 (10)
where ΛF A is the contraction of F (A) with a suitable real Kähler form ω where F A is the curvature of a line bundle L on X with connection A, φ is a section. Let the configuration space be C = A × Γ(L), where A is the affine space of unitary connections on L and Γ(L) is the space of sections of L.
4.1.
The moduli space as a Kähler manifold. Let A be the space of U (1)connections on P the associated bundle of a line bundle L. This is an affine space modelled on Ω 1 (P × Ad u(1)). We define a complex structure I A on A as follows. Given any A ∈ A , the tangent space T A A can be canonically identified with Ω 1 (P × Ad u(1)) = Ω 0 (T * (X) ⊗ P × Ad u(1)). Then we set I A = −I * ⊗ 1, where I is the complex structure of the tangent bundle which it inherits since the manifold is complex. The complex structure I A is integrable. We also define on A a symplectic form ω A . Let Λ : Ω p,q (X) → Ω p−1,q−1 (X) be the adjoint of the map given by wedging with ω which is also equal to the contraction with ω with respect to Kähler metric . Then, if A ∈ A and α, β ∈ T A A = Ω 1 (P × Ad u(1)), we set
Here B : Ω 1 (P × Ad u(1))) ⊗ Ω 1 (P × Ad u(1))) 2 (X) is the combination of the usual wedge product with a bi-invariant nondegenerate pairing <>, on u(1). Since u (1) is one dimensional we can consider B as wedge of imaginary one forms, It turns out that ω A is a symplectic form on A , and it is compatible with the complex structure I A . Hence A is a Kähler manifold. Let X 1 = (α 1 , β) and
On C we define
where ω is now a real Kähler form hence the i factor. It is the Kähler form with respect to the following Kähler metric.
where * defined in preceding section. There exists a moment map for the action of G U(1) on A , which takes the following form (see for example [12] , [21] ): (1))) * , the last inclusion being given by the integral on X of the pairing <>, on u(1).
For the notion of generic bundles in our context see Appendix 2.
Proposition 4.1. For a given τ the moduli is smooth for generic bundles.
Proof. Since the moduli space is diffeomorphic to the Seiberg-Witten moduli space (see Appendix 1) and since the action of the gauge group is free for generic line bundles (see Appendix 2 ), by same arguments as proposition (2.2.7) in [22] (Nicolaescu) we have the moduli space is smooth. To use argumnents of proposition (2.2.7) one has to take Sobolev completions of the configuration space, but the moduli spaces remain the same as every gauge orbit of the completion has smooth solutions ( as in proposition (2.1.11) [22] ) .
above is a moment map for the action of the gauge group on C. b) By Kähler reduction Ω descends to the moduli space of both the equations as a Kähler form.
Proof. (a) follows by the same arguments as in the Riemann surface case.
(b) The solution space of the three equations is a submanifold by the same arguments as proposition (2.2.7) in [22] . Since the linearizations of the first and the third vortex equations is complex structure invariant, by Becker [1] and Dey and Thakre [13] we get a Kähler moduli space by Kähler reduction.
4.2.
Quillen bundle construction on the moduli space. The construction is similar to Donaldson's construction of the Quillen bundle on the moduli space of ASD connections on a Kähler surface [12] .
Let A ∈ A. Let us restrict the connection A to the Poincaré dual S of the Kä hler form ω on X. Let the restricted connection be denoted by A R and the space of restricted connection be deonted by A R .
Let us consider the first term of the symplectic form. For the Kähler surface the symplectic form Ω A is from (13)
Λ is the contraction with respect to the Kähler form ω
Recall the closed Kähler form ω belongs to a cohomology class [ω] and thus there exists a homology class D which is the Poincaré dual of the cohomology class [ω]. If we take submanifold representative of D, say S, we have
for
it is a complex one dimensional submanifold of the Kähler surface X, then we would have a pullback Quillen bundle and metric on the configuration space with its curvature form the standard Kähler form on the configuration space. Moreover if this bundle descends its curvature will be proportional to the Kähler form obtained by reduction by the moment map of the Kähler form to the moduli space.
Proof. We assume S is connected, though the proof goes through otherwise as well. We observe the restriction of forms on X will give a map from A to A R the connection space of the Riemann surface S. We can pullback the Quillen bundle over A R with curvature the Ω R (α 1 , α 1 ) = − S α 1 ∧α 2 ( since S is a Riemann surface by the above assumption). We claim that the pullback of this bundle descends on A/G with curvature proportional to
To see (19) consider as in [12] the current associated with S which is
The condition that S be Poincaré dual to ω implies that there is a singular 1-form φ on X satisfying the distributional equation
Then we define the one form Φ on A by
It can be checked as in [12] Ω
From the above equation since Φ and d(Φ) is gauge invariant we get (19) . (Here i is the restriction map). On C = A × Γ(L) we defined the Kähler form which now can be wriiten as
where X 1 = (α 1 , β) and X 2 = (α 2 , η) as before. By proposition 4.2 the moduli space is Kähler with Kähler form the descendant of the above form Ω.
The Quillen bundle is the standard Quillen bundle on the Riemann surface, namely det(∂ A R ) on the configuration space C. The pullback bundle and metric e −ζ ′ A (0) is modified with the factor e − 1 4π X |φ| 2 ω∧ω 2 as in the Riemann surface case [9] . The conditions for descent of the line bundle will be discussed in the next subsection. If this line bundle descends as in the Riemann surface case, the curvature is the descendent of Ω.
4.3.
Integrality. Let X 1 = (α 1 , β) and X 2 = (α 2 , η) be tangent to the configuration space. The form Ω X given by
on the Kähler surface configuration and the solution subspaces. It may not descend to an integral form on the moduli space. Same holds for corresponding form Ω S for the moduli space in the the Riemann surface case. Manton and Nasir gave a cohomological description of the form on the vortex moduli space for a Riemann surface [25] .The cohomology class of the form as in [14] is
where A is the area of the Riemann surface S and σ ′ i s and η are integral cohomological classes of the moduli space (defined in [25] ). From equation (26) it is clear
is integral if τ A 4π = n where n is an integer. In our case since ω is Poincaré dual to the area of the Reimann surface S and so area is 1.
Taking the form ω 1 = kω where k = 4π τ we get an integral Kähler form on the moduli space for the Riemann surface. Using ω 1 instead of ω we get an ample line bundle on moduli space of vortices on the Riemann surface S.
We first define Ψ, a holomorphic map between the vortex moduli space M X for the Kähler surface X and the vortex moduli space M S for the Riemann surface S (with vortex equation with τ large enough such the moduli space is non-empty [3] ). The pullback of the holomorphic line bundle by Ψ will be a holomorphic line bundle on the moduli space of vortices for the Kähler surface and we will show the pullback form defining the first Chern class is cohomologus to ΩX (ω1) 2πk
where Ω X (ω 1 ) is the form Ω X with ω replaced ω 1 .
Obstructions O(1) and O(2): Let the vortex line bundle and the Poincaré dual S to ω be such that a non-identically-zero holomorphic section does not vanish entirely on S, i.e. the Chern class of the vortex line bundle is such that the Poincaré dual does not contain S. If this condition is not satisfied it is called obstruction O(1).
When every representative of the Poincaré dual to ω is not a complex submanifold of X, we call it obstruction O(2). Lemma 4.4. When O(2) is not satisfied, there is an holomorphic map Ψ between the vortex moduli space M X for the Kähler surface X and the vortex moduli space M S for the Riemann surface S.
Proof. Let us define Ψ :
Orbits map to orbits: If two elements (A, φ) and (A 1 , φ 1 ) are related by gauge transformations in the Kähler surface configuration space then their restrictions on the Riemann surface configuration space will be related by restriction of gauge transformations. Thus the map Ψ is well-defined.
Map between the moduli spaces: From a close inspection of [3] one can see the moduli of solutions M X is given by effective divisors. For an effective divisor in the Kähler surface X we can take a holomorphic section and holomorphic structure as a representative. Its restriction on the Riemann surface S (which is a one dimensional complex submanifold) will define a divisor on the Riemann surface. This coincides with the map Ψ between between moduli spaces which we defined in the first line.
Holomorphicity of the map Ψ: The map between the configuration spaces is holomorphic as the Riemann surface S is a complex one dimensional submanifold of X. Due to the commutativity of gauge transformation with the complex structures on the configuration spaces we have that Ψ is holomorphic.
Since we chose k = 4π τ the Kähler form
on the moduli space is integral ( A ω1 is the the area with volume form ω 1 ) and hence its cohomology class will be a Chern class of a holomorphic line bundle L and so its pullback by Ψ to the Kähler surface moduli space M X will be a holomorphic line bundle Ψ * (L). . The form in the configuration space level is given by
From (24) we get the first integrand of (27) is cohomologus to 1 k times first integrand of ΩX (ω1) 2π . The second term of (27) is S (iβη * −iβ * η) ω1 2 is the differential of the form Ψ φ (η) = −i S ηφ * ω 1 . Similarly it can be shown the form representing the second term of ΩX (ω1) 2πk is exact. Both cases the one forms are gauge invariant.
So the difference of the two forms Ψ * (
) an ΩX (ω1) 2πk descend to exact forms making them cohomologus.
4.4.
Projectivity of moduli space. Bradlow's argument in [3] does not include φ = 0 case. When a holomorphic section on Kähler surface X is entirely zero on the Riemann surface S our argument fails. This case can be avoided by taking line bundles whose Chern classes are such that the Poincaré dual does not contain S.
The above theory can be generalized to S having more than one connected components. In that case the obstruction to getting a holomorphic bundle on the whole moduli space is existence of sections whose zero sets contain a component of S.
By [6] , and Appendix 2, the moduli space M X of vortex equations on a Kähler surface X is smooth and compact (as it is the Seiberg-Witten moduli space with β = 0). On the other hand, we proved that the moduli space M X that has a Kähler form Ω which is integral under the following conditions:
The condition is that the obstructions O(1) and O(2) can be avoided. Under these conditions, there is a Quillen line bundle whose curvature is proportional to Ω.
Below we give a large class of manifolds for which the obstructions can be avoided. We mention the following proposition which follows also from Bradlow's work [3] . The main result in Bradlow's paper implies that the moduli space can be interpreted as a Hilbert scheme of hypersufaces in the base (Khler, projective) manifold of a fixed degree (the degree of the line bundle). That such a Hilbert scheme is projective is a well-known fact (Grothendieck's EGA or FGA). This observation is due to N. Romao [28] .
We mention this proposition as it follows easily from the results of this section without going into the theory of Hilbert schemes. Proof. When the manifold X is projective the Kähler form ω is proportional to the curvature of a holomorphic line bundle L. The zero set of a non-zero holomorphic section of L transverse to the zero section is homologous to the Poincaré dual S of the cohomology of the Kähler form ω. We can always get such transverse section when the bundle is very ample. When the bundle is very ample there are holomorphic sections which are transverse and so the zero sets are smooth. The sections can also be chosen such that zero set is an irreducible divisor. The above claims follow from Bertini theorem.
From the above theorem a vortex moduli space for a generic vortex line bundle will have an integral Kähler form as curvature of a line bundle L if condition (A) below is satisfied. Then since the moduli spaces are generically smooth and compact they will be projective.
Condition (A) is that zero sets of the sections of the vortex line bundle do not contain any connected component of zero set of some transverse holomorphic section of one of the above very ample bundles.
To prove that condition (A) is automatically satisfied in our case, take the vortex line bundle L ′ which has a degree which we get by integrating the Chern class wedged with ω. Now by taking higher powers say p of L we can get very ample line bundles whose degree is greater than the degree of L ′ . This means H 0 (X, L ′ ⊗ L −p ) = 0. So to get holomorphic sections of L ′ which contain a component of the zero set of a holomorphic section s of L p , the divisor (s) should decompose as a sum of irreducible divisors V i 's of lower degree which intersect at singular points. Since L p is very ample it has a transverse holomorphic section s such that the zero divisor (s) is smooth and irreducible. So (s) cannot be decomposed non trivially and hence the obstruction can be avoided by taking the Kähler form to be pω and S the zero set of the section s.
Since condition (A) is satisfied, and hence the moduli space of vortices M X for the form pω is projective. This moduli will be nonempty if the moduli of vortices M X for the form ω is nonempty by Theorem 4.3 [3] . Notice that the moduli space of vortices for the pω form is the space of divisors of the bundle L ′ . Since changing the Kähler form from ω to pω does not affect the complex or holomorphic structure, the moduli space of vortices for ω is biholomorphic with the moduli space of vortices for pω. So if one is projective other is so. 
The five vortex equations
In [24] , Manton generalized the vortex equations on a Riemann surface in the following way. Let L be a Hermtian line bundle on a Riemann surface Σ. Let the metric be given by ds 2 0 = Ω 0 (dx 2 1 + dx 2 2 ) where (x 1 , x 2 ) are local coordinates on Σ. He represents the connection by a real local 1-form a = a 1 dx 1 + a 2 dx 2 and denote f = da. Let f 12 = ∂ 1 a 2 − ∂ 2 a 1 .
Let φ be a section of L and D j = ∂ j − ia j , the components of the covariant derivative. Then the five vortex equations are We generalize these equations to a Kähler surface X in the following way (written in terms of complex coordinates following Bradlow's convention):
F A 0,2 = 0 (32) Here the five cases correspond to (B, B 0 ) = (−1, −1), (B, B 0 ) = (0, −1) (see Bradlow [3] It was shown by Bradlow [3] that for (B, B 0 ) = (−1, 1), under some conditions, the moduli space of solutions to (31) and (30) are non-empty and compact.
We prove the following: is avoided, then the moduli space has a Quillen line bundle on it whose curvature proportional to the Kähler form Ω and the latter is proportional to an integral form. Thus they can be geometrically quantized. In particular, if X is projective, the moduli space is also projective. b)
For each of the cases (B, B 0 ) = (1, 1), (1, 0), (1, −1), the moduli space, if nonempty, has a symplectic form Ω 1 and if the Kähler surface (X, ω) is such that the Poincaré dual of the Kähler form ω is a Riemann surface, the vortex moduli space of line bundles avoiding obstruction O(1) can be geometrically prequantized. In fact it has a pull back of a Quillen line bundle on it whose curvature corresponds to the symplectic form Ω 1 . In particular, if X is projective and since the moduli space is generically compact and smooth, the moduli space can be embedded in projective space (by Gromov embedding).
Proof. (a) The vortex (B, B 0 ) = (−1, −1) are special cases of the vortices desribed in previous section (see (10) ). So by propositions 4.1 and 4.2 we have the moduli space is Kähler with Kähler form Ω defined in the previous section.
If S, the Poincaré dual of the Kähler form ω of the Kähler surface X, is a Riemann surface and avoids obstruction O(1) then the Quillen construction carries through. If X is projective, then as we proved earlier, S is a Riemann surface and the Quillen bundle construction carries through. The curvature of the Quillen bundle has curvature proportional to the Kähler form and hence the latter is proportional to an integral form. Thus we are in the framework of geometric quantization. The moduli space is also projective since it is compact.
(b) The equations for the three cases (B, B 0 ) = (1, 1), (1, 0), (1, −1) are special cases of Seiberg-Witten equations with φ = 0 (see Appendix 1). By Appendix 2 they are generically smooth and due to the correspondence with Seiberg-Witten equations, they are compact. Now to have a moment map we consider the gauge invariant form on the configuation space of (A, φ)
where Y 1 = (α 1 , β) and Y 2 = (α 2 , η). It should be noted the second term of the form has opposite sign as the form in the previous part. The form is symplectic on the configuration space and in fact it is derived from the L 2 metric and the almost complex structure I ′ = ( * , −i) on the configuration space. The second vortex equations in all the present three cases are moment map equations with respect to the new symplectic form. By symplectic reduction the moduli space is symplectic. To pullback the Quillen line bundle we define, as before, a map Ψ between the moduli spaces for each of these cases and the usual vortex equations (2) and (1) on the Riemann surface S. Since a representative (A, φ) of an element on the Kähler surface moduli solves the first vortex equation, its restriction to S solves the first vortex equation on the Riemann surface as S is a complex one dimensional submanifold. Since a solution of first vortex equation (i.e.∂ A φ = 0) determines a divisor on the Riemann surface we get a map of moduli space of the vortices in each of the three equations on the Kähler surface and the moduli space of the usual vortex equations on the Riemann surface (provided we choose τ in (2) and (1) large enough to accommodate the degree of the restriction of the vortex bundle, see [3] ). The map is well defined since orbits map to orbits (as a gauge equivalent solution will restrict to a gauge equivalent solution in the Riemann surface and its zeros will be the same thus corresponding to the same divisor). As before, we get a line bundle on moduli of vortices given by the above construction if the obstruction O(1) and O(2) discussed in previous section are avoided.
The pull back of the Kähler form in the moduli space of vortices on the Riemann surface S is cohomologus to a constant times the form Ω X and not constant times Ω 1X . But they are cohomologus in the moduli space as their difference (i.e. twice of the second term in the form) is the differential of a gauge invariant one form as discussed before hence exact in the moduli space. Thus we have a pullback of the Quillen bundle with curvature a symplectic form hence we have geometric prequantization. Since generically the moduli space is smooth and compact we have Gromov embedding into a projective space.
Remark 5.2. As stated in the cases above the obstructions O(1) and O(2) discussed in the previous section for the construction of the bundle on the moduli spaces of the three new vortices can be avoided when the base manifolds are projective. The arguments are same as in previous sections.
Appendix 1: The Vortex and the Seiberg-Witten correspondence
In this section we briefly review the Seiberg-Witten equations for the Kähler surface and the analysis of these equations in this case. This section closely follows Bradlow and Garcia-Prada, [6] .
In [6] , Bradlow and Garcia-Prada wrote the Seiberg-Witten equations as ∂Âφ +∂Âβ = 0 (34)
F A 2,0 = −φβ (36)
where notation is as in [6] , i.e. (φ, β) is a section of the S + L bundle, A is connection on L andÂ is the induced connection onL and ΛF A is the contraction of the curvature with the Kähler form ω. It is not difficult to see ( [31] ) that the solutions to these equations are such that either β = 0 or φ = 0, and it is not possible to have irreducible solutions of both types simultaneously for a fixed Spin c -structure. We thus have one of the following two situations:
(i) β = 0 and the equations reduce to F 0,2 A = 0 ∂Âφ = 0 ΛF A = i|φ| 2 and similar equations for (ii) φ = 0, i.e. F A 0,2 = 0 ∂Âβ = 0 ΛF A = i|β| 2 .
Remark 6.1. . We have omitted the equation F 2,0 A = 0, since by unitarity of the connection this is equivalent to F 0,2 A = 0. The Hodge star operator interchanges these two cases, and we can thus concentrate on case β = 0. Equations are essentially the equations known as the vortex equations. These have been extensively studied (e.g. in [3] , [4] , [16] , [17] ) for compact Kähler manifolds of arbitrary dimension. The equations are the following:
Let (X, ω) be a compact Kähler manifold of arbitrary dimension, and let (L, h) be a Hermitian C ∞ line bundle over X. Let τ ∈ R. The τ -vortex equations F 0,2 A = 0 ∂Âφ = 0 ΛF A = i 2 (|φ| 2 − τ ) are equations for a pair (A, ) consisting of a connection on (L, h) and a smooth section of L. The first equation means that A defines a holomorphic structure on L, while the second says that φ must be holomorphic with respect to this holomorphic structure.
Let s be the scalar curvature of X, the Bradlow and Garcia-Prada [6] obtain that the Sieberg witten equations are equivalent to FÂ 0,2 = 0 ∂Âφ = 0 ΛFÂ = i 2 (|φ| 2 + s)
These are the vortex equations onL, but with the parameter τ replaced by minus the scalar curvature. One can perturb the above equations by −s + f , when β = 0, equations reduce to the constant function vortex equations (see e.g. [18] ). Similarly when φ = 0 it reduces to the three of the five vortex equations mentioned by Manton.
appendix 2
This follows essentially from [27] . For c ∈ C, consider the equations of the line bundle P . 
